INDECOMPOSABLE INJECTIVE MODULES OF FINITE 
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Abstract. It is proven that each indecomposable injcctive module over a val- 
uation domain R is polyserial if and only if each maximal immediate extension 
R of R is of finite rank over the completion R of R in the ii-topology. In this 
case, for each indecomposable injective module E, the following invariants 
are finite and equal: its Malcev rank, its Fleischer rank and its dual Goldie 
dimension. Similar results are obtained for chain rings satisfying some addi- 
tional properties. It is also shown that each indecomposable injective module 
over one Krull-dimensional local Noetherian rings has finite Malcev rank. The 
preservation of Goldie dimension finiteness by localization is investigated too. 



Introduction and preliminaries 

In this paper all rings are associative and commutative with unity and all mo- 
dules are unital. First we give some definitions. 

Definition 0.1. An R-module M is said to be uniserial if its set of submodules is 
totally ordered by inclusion and R is a chain rm<£] if it is uniserial as R-module. A 
chain domain is a valuation domain. In the sequel, if R is a chain ring, we denote 
by P its maximal ideal, N its nilradical, Z its set of zero-divisors (Z is a prime 
ideal) and we put Q = Rz- Recall that a chain ring R is said to be Archimedean 
if P is the sole non-zero prime ideal. 

A module M is said to be finitely cogenerated if its injective hull is a finite 
direct sum of injective hulls of simple modules. The f.c. topology on a module 
M is the linear topology defined by taking as a basis of neighbourhoods of zero all 
submodules G for which M/G is finitely cogenerated (see |17) ). This topology is 
always Hausdorff. We denote by M the completion of M in its f. c. topology. When 
R is a chain ring which is not a finitely cogenerated R-module, the f.c. topology on 
R coincides with the R-topology which is defined by taking as a basis of neighbour- 
hoods of zero all non-zero principal ideals. A chain ring R is said to be ( almost ) 
maximal if R/A is complete in its f.c. topology for any (non-zero) proper ideal A. 

In 1959, Matlis proved that a valuation domain R is almost maximal if and only 
if Q/R is injective, and in this case, for each proper ideal A of R, E(R/A) = Q/A, 
see [15l Theorem 4] . Since Q is clearly uniserial and Q /R = Q/ rR for each non-zero 
element r G P, we can also say that R is almost maximal if and only if E(R/rR) 
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is uniserial, if and only if each indecomposable injective module is uniserial. This 
result was extended to any chain ring in 1971 by Gill, see |11( Theorem]: a chain 
ring R is almost maximal if and only if E(R/P) is uniserial, if and only if each 
indecomposable injective module is uniserial. By using [2, Proposition 14], if R is a 
chain ring, it is easy to check that E{R/rR) is uniserial if and only if so is E(R/ P). 
Let us observe that any indecomposable injective module is uniserial if and only if 
each finitely generated uniform module is cyclic. 

Definition 0.2. If M is a finitely generated module we denote by gen M its minimal 
number of generators. If M is a module over a valuation domain R the Fleischer 
rank of M, denoted by Fr M, is defined to be the minimum rank of torsion-free 
modules having M as an epimorphic image. 

In the book "Modules over valuation domains" by Fuchs and Salce [9j Proposition 
IX.3.1](1985), it is proven that gen M < Fr E(R/P), for each finitely generated 
uniform module M over a valuation domain R. However, it remains to give a 
characterization of valuation domains R for which Fr E(R/P) is finite. 

In 2005 O Proposition 2] , if R is an Archimedean chain ring, the author proved 
that there exists an integer p > such that gen M < p for each finitely generated 
uniform module M if and only if R is almost maximal, (i.e p = 1). 

Definition 0.3. An exact sequence 0— S'i 7 '— >G— >0 is pure if it remains 
exact when tensoring it with any R-module. In this case we say that F is a pure 
submodule of E. We say that a module M is polyserial if it has a pure- composition 
series 

= M c Mi c • ■ • C M n = M, 

i.e. Mfc is a pure submodule of M and Mk/Mk-i is a uniserial module for each 
k = 1, . . . , n. 

The Malcev rank of a module M is defined as the cardinal number 

Mr M — supjgen X \ X finitely generated submodule of M}. 

For each module M over a valuation domain we have Mr M < Fr M . 
An R-module F is pure-injective if for every pure exact sequence 

O^A^B^C^O 

of R-modules, the following sequence 

-> HorHfl(C, F) -» Uom R (B, F) -> Hom fl (A, F) -> 

is exact. An R-module B is a pure-essential extension of a submodule A if A 
is a pure submodule of B and, if for each submodule K of B, either K n A ^ or 
(A + K)/K is not a pure submodule of B/K. We say that B is a pure-injective 
hull of A if B is pure-injective and a pure-essential extension of A. By [19\ or 
[10[ chapter XIII] each R-module M has a pure-injective hull and any two pure- 
injective hulls of M are isomorphic. In the sequel, for each R-module M , M is its 
pure-injective hull. 
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In this paper we give a characterization of two classes of chain rings. The first 
is the class of chain rings R for which each indecomposable injective module is 
polyserial (Theorem I2.3|) . These rings are exactly the chain rings R which satisfies 
the following two conditions: 

(1) Mx~R < oo; 

(2) each indecomposable injective module contains a pure uniserial submoduk0. 
The first condition is equivalent to the the following: there is a non-zero prime 
ideal L such that Rl is almost maximal and the valuation domain R/L has a 
maximal immediate extension of finite rank which is equal to Mr^i?. These rings are 
almost maximal by stages, i.e. there exists a finite descending chain of prime ideals 
(Li)o<i<n, with Lq = P such that (R/Li+x)^ is almost maximal for i = 0, . . ., n — 1 
and Rh n is maximal. Moreover, for each finitely generated uniform module M, 
gen M < Mr ^R, and for each indecomposable injective module E, MirE < Mr^i?, 
the equalities hold for some M and E. If R is not a domain then Mr R < oo. A 
description of such chain rings R is given, and this description is similar to the 
one of valuation domains with a maximal immediate extension of finite rank ([7J 
Theorem 10 and Proposition 11]). 

The second class is the one of chain rings R for which each localization of any 
.R-module of finite Goldie dimension has finite Goldie dimension too. These rings 
are exactly the chain rings R for which R/L has a maximal immediate extension 
of finite rank for each non-zero prime ideal L. So, the first class is contained but 
strictly in the second one, and some examples are given. 

It is also shown that the completion R of any chain ring R in its fx. topology is 
Gaussian, and R is a chain ring if and only if R is either complete or a domain. 

For each one Krull-dimensional local Noetherian ring R it is proven that there 
exists a positive integer to such that Mr E < m for every indecomposable injective 
i?-module E. Moreover, for each integer to > 1 we give an example of a one Krull- 
dimensional local Noetherian domain D satisfying gen M < m for each finitely 
generated uniform Z?-module M. However, if R is a chain ring with a such upper 
bound to then to is a prime power. 

Definition 0.4. Let M be a non-zero module over a ring R. We set: 
Mj = {s G R | 30 G M such that sx = 0} and M s = {s G R \ sM C M}. 

Then R \ M$ and R \ M' are multiplicative subsets of R. 

If M is a module over a chain ring R then Mj and M" are prime ideals and they 
are called the bottom and the top prime ideal, respectively, associated with M . 

We say that an R-module E is FP-injective i/Ext^(-F, E) — 0, for every finitely 
presented R-module F. A ring R is called self FP-injective if it is FP-injective 
as R-module. Recall that a module E is FP-injective if and only if it is a pure 
submodule of every overmodule. 

If L is a prime ideal of a chain ring R, as in [8] , we define the total defect 
at L, dfi(L), the completion defect at L, cr(L), as the rank of the torsion-free 

R/ L-module R/L and the rank of the torsion-free R/ L-module R/L, respectively. 



This condition holds for each valuation domain and other classes of chain rings but we don't 
know if it is verified by any chain ring. 
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1. Relations between i? and i? 

Given a ring R, an i?-module M and x G M, the content ideal c(x) of x in M, 
is the intersection of all ideals A for which x G AM. 

When R is a chain ring, the breadth ideal B(x) of an element x in i? is defined 
by B(x) = c(x + i?). So, B(x) = if a: G R. Since # = R + PR by Proposition 
1] then B(x) = {r E R\x £ R + rR} if x G -R \ R. 

The following lemma will be often used in the sequel. 

Lemma 1.1. [5j Proposition 20 and Lemma 21] Let R be a chain ring. Then: 

(1) R/A is not complete in its f.c. topology if and only if there exists x G R\R 
such that A = B(x); 

(2) if x G R and x — r+ay for some r, a G R and y G R, then B(y) = (B(x) : a). 

Proposition 1.2. Let R be a chain ring. Then: 

(1) R has a structure of R-module which extends its structure of R- module; 

(2) R is isomorphic to the submodule of R whose elements x satisfy B(x) = 0; 

(3) for each non-zero prime ideal L of R there exists a prime ideal L' of R such 
that R/L' R/L and L'R = LR; 

(4) R/ R is a Q / Z -vector space. 

Proof. (1). If R is finitely cogenerated then R = R. If not we have ^ r ^R\{Q} r P = 0. 
Let a G R and i££ Let (a r +rP) re R\{ y be the family of cosets of R which defines 
a. If r G sR then (a r — a s ) G sP, and it follows that (a r x — a s x) G sPR. By [5, 
Proposition 4] the family J- = (a r x+rPR) r£R \{ y has a non-empty intersection. By 

5, Lemma 19] P\ re R\{ yrPR = 0, whence the intersection of the family T contains 
a unique element that we define to be ax. Now it is easy to complete the proof. 

(2) . We do as in (1) by taking x = 1. So, for each a G R corresponds a unique 
element y G R such that B(y) — 0. It is easy to check that we get a monomorphism 
from R into R. 

(3) . We may assume that R is not finitely cogenerated. Since each non-zero 
ideal is open in the f.c. topology of R, we have R = \^m A< _ x R/A, where T is the 

set of non-zero ideals of R. So, there exists a surjection <j> : R —> R/L. We put 
V = ker (j>. Let ^ a G V and ^ x G R, and let (a r + rR) rER \f \ be the 
family of cosets of R which defines a. There exists r G L such that a r G L \ rR. 
We set a' = a r . Let s G rR. Since (a s — a') G rR C a'i? then <z s = a'u s for some 
u s <E R. If £ G sR then a'(u s — u t ) G si?, whence (u 8 — u t ) G (si? : a'). The 
family (?i s a; + (si? : a')-^)sG-Ra'\{o} has a non-empty intersection. Let ?/ an element 
of this intersection. Since (a'y — a s x) G si? for each s G a'R \ {0}, it follows that 
{a'y — ax) G r\ s ea'R\{o} s R = 0- Hence ax = a'y. 

(4) . Let a; G i? and s G R \ Z. Suppose that sx = 0. By [5, Proposition 1] 
x = r + rpy for some r G i?, p G P and y € R. Since i? is a pure submodule 
of i?, there exists t G i? such that sr(l + = 0. We successively deduce that 
sr = 0, r = and x = 0. Now, suppose that sir G i?. Then there exists t G i? such 
that sx = si, whence x — t. So, the multiplication by s in i?/i? is injective. Since 
B(x) — 0, x = a + sy for some a G i? and y G i?. But B(y) = (0 : s) = 0, so y G i?. 
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We conclude that the multiplication by s in R/R is bijective. Now let a £ Z. Then 
(0 : a) contains a non-zero element 6. From B(a;) = we deduce that x = r + bz 
for some refl and zGfi. It follows that ax £ R. The proof is complete. □ 

A local ring R is called Gaussian^ if, for any ideal A generated by two elements 
a, b, in R, the following two properties hold: 

(1) A 2 is generated by a 2 or b 2 ; 

(2) if A 2 is generated by a 2 and ab = 0, then b 2 = 0. 

Theorem 1.3. Let R be a chain ring. The following assertions hold: 

(1) R is a local Gaussian ring; 

(2) the following conditions are equivalent: 

(a) R is a chain ring; 

(b) R is either complete or a domain; 

(c) R is a pure R-submodule of R; 

(d) R is a flat R-module. 

Proof. (1). R is local because it is the inverse limit of a system of local rings with 
local connecting homomorphisms. 

We may assume that R is not finitely cogenerated. Let a and b be two elements 
of R. By [5, Proposition 1] there exist a', b' € R and x, y £ 1 + PR such that 
a = a'x and b = b'y. We may assume that b' — ra! for some r £ R. First 
suppose that a' ^ Z. By Lemma fl.lf 2) B(x) = (0 : a') = 0, whence x G R, and 
B(y) = (0 : ra') — (0 : r). It follows that x is a unit of R, B(ry) — 0, so ry £ R and 
6 = x~ 1 (ry)a. If a6 = 0, it follows that (ry)a 2 = 0, whence 6 2 = 0. Now, assume 
that a' G Z. Let ^ t G (0 : a') n 6'P. Then a = c + tz and b = d + tw for some 
c.d £ R and z,w £ R. So, we have a = a'(l = c + a't'z where p,t' £ P 

and a;' G R. From R pure submodule of R we deduce that c = tia' for some unit 
u G i?. In the same way d = vb' for some unit v G i?. It follows that a 2 = u 2 a' 2 , 
ab = uvra' 2 = u~ 1 vra 2 and b 2 = v 2 r 2 a' 2 = u~ 2 r 2 v 2 a 2 . If ab = 0, then ra' 2 = 0, 
whence 6 2 = 0. 

(2). It is well known that (6) implies the other three conditions. 

Assume that R is neither complete nor a domain. Let O^oGfi and ^ r S Z . 
Since B(a) = then a = s + rx for some s G R and x £ R. It follows that ra; G i?. 
If rx — ry then B(y) = (0 : r) ^ by Lemma fl.lf 2). So, rx £ rR and i? is not 
a pure submodule of R. Now suppose that r G i?rx, whence 7' = brx for some 
b E R. We have B(6x) = (0 : r), so 6a; ^ R + (0 : r)fi. From r(bx - 1) = and the 
flatness of i? we deduce that 6a; — 1 = sy for some s G (0 : r) and y £ R. We get a 
contradiction. So, i? is not a chain ring. Hence, (a) => (6) and (c) => (6). 

(d) (6). Since R is a pure submodule of R, R/R is flat. By Proposition 11.21 
it is a semisimple Q-module. It follows that either R/R = or Q is a field. We 
conclude that the condition (6) holds. □ 

Proposition 1.4. Let R be a chain ring. Assume (0 : a) — Z for some a £ R. 
Then Mr R = c R (Z). 



^this definition is equivalent to the usual one when R is local, see 1 161 ■ 
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Proof. Let R' = R/Z. We shall prove that R'/R 1 and R/R are isomorphic. Since 
F C ff = R/ZR, R'/R' is isomorphic to the submodule of R/(R + ZR) whose 
elements x + (R + ZR) satisfy B(x) = Z (it is easy to check that B(x') = B(:r) 
if x' G x + (R + ZR) and x ^ R + ZR). On the other hand, R C R + aR, 
whence R/R is isomorphic to a submodule of (R + aR)/R. For each x e R we put 
0(x + (i? + Zi?)) = ax + R. It is easy to check that ^ is a well defined epimorphism 
from R/(R + ZR) into (R + aR)/R. If ax 6 R, then ai = ad for some d E R 
because R is a pure submodule of R. From a(x — d) = and the flatness of R we 
deduce that (x — d) S Zi?. So, </> is an isomorphism. By Lemma [01 2) B(sc) = Z if 
and only if B(ax) = 0. Consequently, the restrition of <j) to R'/R' is an isomorphism 
onto □ 



2. POLYSERIAL INJECTIVE MODULES 

The following proposition is a slight generalization of [3J Proposition 2] . 

Proposition 2.1. Lei R be an Archimedean chain ring. Assume that there exists 
a non-zero injective module E such that E$ = P and Mr E < oo. Then R is almost 
maximal. 

Proof. It is an immediate consequence of [3j Proposition 2] and its proof. The 
existence of an injective module E with Mr E < oo {v{E) < oo) is used to show 
that R is almost maximal. □ 

We say that a module M is singly projective if, for any cyclic submodule G, 
the inclusion map G — > M factors through a free module F. The following theorem 
generalizes [7J Theorem 10 and Proposition 11] 

Theorem 2.2. Let R be a chain ring. The following conditions are equivalent: 

(1) R is a polyserial module; 

(2) Mr R<oo. 

In this case there exists a finite family of prime ideals 

P = L D Li D ■ ■ ■ D L m _i D L m D N 

such that (R/ Lk+i)L k is almost maximal, Vfc, < k < m— 1, and Rl,„ is maximal. 
Moreover, 

(a) R has a pure- composition series S 

= F cR = F 1 c---cF m c F m+1 = R 
where Fj + \/Fj is a free Rl -module of finite rank, Vj, < j < m; 

(b) Mr R = d R {L m ) = UtZT c R {L k ); 

(c) R is polyserial and Mr R — cr(Z). 

Proof. By 10, Lemma XII.1.4] (1) ^ (2). 

(2) =>■ (1). When R is a valuation domain each torsion-free module of finite rank 
is polyserial. So, we may assume that R is not a domain. 

First we will show that Rn is maximal. Since each non-unit of Rn is a zero- 
divisor, Rn is self FP-injective. From [5j Propositions 1] it is easy to deduce that 
R is singly projective. By [6l Proposition 6] so that is (R)n over Rn- By [6l 
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Propositions 3] (R)n is FP-injective and by Proposition 5] it is pure-injective, 
whence it is an injective module. It is easy to check that Mr (R)n < oo. By 
proposition 12. II and jTTl Proposition 1] we conclude that Rn is maximal. 

Now wc shall build the pure composition series S. By [5J Theorem 2.4.(2)] 

R/N = R/NR. Hence rank R/N = Mr R/N < oo. We apply Theorem 10 and 
Proposition 11] to R/N, There exists a finite family of prime ideals 

P = L D ii D ■ ■ ■ D L m _ 1 D L m D N 

such that (R/ Lk+i)h k is almost maximal, Vk, < k < m — 1, and (R/N)L m is 
maximal. Moreover, R/N has a pure-composition series <S' 

= c R/N = F{ c • • • C F' m c F' m+1 = R/N 

where Fj +1 /Fj is a free (R/N) L j -module of finite rank, Vj, < j < m. We 
proceed by induction on j. Obviously F± — R. Suppose that Fj is built and that 

Fj/NFj = Fj. If M = R/ Fj and M' = R/N/F^ then M * M'. So, M» = 
whence M is a module over R^ ■ Moreover, M/LjM and M'/LjM' have the same 
rank pj over (R/Lj)L j which is equal to the rank of Fj +1 /Fj over (R/N)L r By 
[6l Proposition 21] M contains a free Rl -module G of rank pj which is a pure 
submodule of M. Moreover, G/NG ^ Fj+i/Fj and Lj(M/G) = M/G. Let 

be the inverse image of G by the natural map i? — > M . Hence Fj+i/NFj+i = Fj +1 . 
Now, let H = R/F m+1 . Thus H is flat and NH = H. By [6, Proposition 19] H is 
a module over R^. It is obvious that (F„ 1+ i)n is a free module of finite rank over 
Rn- By [BJ Proposition 24] (F m+ i)jv is a pure-essential submodule of (R)n- But, 
since Rn is maximal (F m +i)w is pure-injective. We deduce that (F„ 1+ i)n — (R)n- 
So, H = and -F^+i = i?. The maximality of (R/N)L m and i?jv implies that Rh m 
is maximal if L m ^ TV (see [5J Theorem 22]). 

(b) . We apply the last assertion of Theorem 10] to R/N. 

(c) . We have Mr R < Mr R < oo. So, by Proposition R/R is a finite direct 
sum of modules isomorphic to Q/Z, whence R is polyserial. If A is a non-zero 
proper ideal it is easy to check that j4" = {s € R \ A C (A : s)}. So, if we take this 
definition of top prime ideal for each proper ideal of R we have tt = Z. Then Z is an 
element of the descending chain of prime ideals (Lj)o<j< m if R is not complete in its 
f.c. topology. We shall show that there exists a € Z such that Z = (0 : a). By way 
of contradiction suppose that Z is faithful. First assume that N C Z. lit € Z\N, 
then ^ (0 : t) C TV. It follows that AT C Rt C (0 : s) for some ^ s 6 (0 : (). 
By Lemma ll.lf l) there exists x £ R \ R such that B(x) = if R is not complete. 
Then a; = 7' + sy for some r £ R and y £ R and B(y) = (0 : s). Consequently, by 
using again Lemma fl~lT 11 we deduce that i?/(0 : s) is not complete. If we consider 
the valuation domain R/N, from the proof of [3 Proposition 11] we deduce that 
(0 :s)/N = bZ/N for some b £ R. It follows that (0 : s) = 6Z, whence Z = (0 : 6s). 
Now, suppose that Z = N. If Z is faithful, since i?N is maximal, as in the proof of 
pj Proposition 4] we prove that R is complete. Hence, if R is not complete, Z is 
not faithful. We conclude by Proposition [L4] □ 

For each module M we denote by A(M) its set of annihilator ideals, i.e. an 
ideal A belongs to A(M) if there exists ^ x £ M such that A = (0 : x). 
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If E is an indecomposable injective module over a chain ring R, then, for any 
A, B £ A(E), Ac B there exists r £ R such that A = rB and B = (A : r). 

Recall that a module M has Goldie dimension n (or Gd M — n) if its injective 
hull is a direct sum of n indecomposable injective modules. 

Theorem 2.3. Let R be a chain ring. Consider the following conditions: 

(1) there exists an indecomposable injective module E such that E$ = P and 
Mr E < oo; 

(2) there exists a prime ideal L such that d R (L) < oo and Rl is almost maxi- 
mal; 

(3) Mr R < oo if R is not a domain, and R is the extension of a reduced 
torsion-free module of finite rank with a divisible torsion- free module when 
R is a domain; 

(4) the Malcev rank of R over R is finite; 

(5) Mr E < oo for each indecomposable injective module E; 

(6) there exists a positive integer n such that gen M < n for each finitely 
generated uniform R-module M ; 

(7) there exists a positive integer n such that gen M < n x Gd M for each 
finitely generated R-module M ; 

(8) each indecomposable injective module is polyserial; 

(9) there exists an indecomposable injective module E such that Ej = P which 
is polyserial. 

Then: 

• the first seven conditions are equivalent and they are implied by the last two 
conditions. Moreover, if each indecomposable injective module contains a 
pure uniserial submodule then the nine conditions are equivalent. 

• for each indecomposable injective module E, either Mr E — 1 if J C L or 
Mr£ = d Rj (Lj) = d R (L)/d R {J) = Mr^Rj if L C J, where J = E t 
and L is a prime ideal for which Rl is almost maximal. Moreover, Mr E 
is the maximum of gen R M where M runs over all finitely generated R- 
submodules of uniform Rj -modules. 

Proof. It is obvious that (8) ^> (9), (6) => (5), (7) (6) and (5) (1), and 
(9) => (1) by Proposition 13]. 

(1) =>■ (2). By [2l Corollary 28] E is faithful or it is annihilated by a simple 
ideal if P = Z. So, for each non-zero prime ideal J there exists A £ A(E) such 
that A C J. By [21 Lemma 26] A" = E% = P and by Proposition 1] R/AR 
is an essential extension of R/A, whence it is isomorphic to a submodule of E. 
We deduce that d R {J) = Mr RJJR < Mr R/AR < Mr E < oo. Let p be the 
maximum of d R (J) where J runs over all non-zero prime ideals of R and let L be 
the maximal prime ideal for which d R (L) — p. By Theorem 12. 21 (R/I) l is maximal 
for each I £ A(E). We deduce that Rl is almost maximal. Let us observe that 
d R (L) < Mr E. 

(2) => (3) and (4). We do as in the proof of Theorem l 2 . 21 from a pure composition 
series of R/L we deduce a pure submodule F of R with Mr F — d R (L) and if 
H = R/F, then LH = H . If R is not a domain then, as in the proof of Theorem l2.2[ 
we show that H = 0, whence R is polyserial. It is easy to check that Mr^i? < Mr^i?. 
If R is a domain then, for each a £ L, a ^ 0, (R/oR)l is maximal. In the 
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same way we get that H = aH, whence H is divisible. Since R/LR = R/L then 
d^(LR) — dr?(£) and (R)l is maximal. So, R is the extension of a torsion-free 
i?-module F of rank du(L) with a divisible torsion-free i?-module H . Since (R)l 
is maximal, H = 0. So, Mr^ R = dn(L). 

(4) =4> (2). Let J be a non-zero prime ideal of R. By Proposition ! 1 . 2l thcre exists a 
prime ideal J' of R such that R/J' = R/J and J'R = JR. So, Mi R R/J < Mr R R. 
Now, we do as in (1) =4- (2) to complete the proof. 

(3) =>■ (6). Let M be a finitely generated uniform module and E its injective 
hull. Then E is indecomposable. Let J = E$. Then £ is a module over If 
JCL then £7 is uniserial, so Mr E = 1. We may assume that L C J and it is easy 
to check that i?j also satisfies (3). There exists A € -4(£) such that M C (0 :e A). 
Let £7' = (0 : E A). By Lemma 26] A» = J, so, by Theorem 6] E' = Rj/ARj. 
If i? is a domain, let F be a pure reduced torsion-free i?,/-submodulc of finite rank 
of Rj such that Rj/F is divisible. Then (Rj/F) <S>Rj (R/A)j = 0. So, in this case 
E' = (F/AF)j and Mr E' < rank F. If R is not a domain, then Mr E' <MtR}. 
We deduce that gen M < rank F or gen M < Mr Rj. 

(6) ^> (7). Let M be a finitely generated module and £7 its injective hull. By [9j 
Corollary IX. 2. 2] Gd M < gen i?. So, E = ®i<j< p Ej where Ej is indecomposable 
for j = 1, . . . ,p. Let TTj : E — > Ej the natural projection and Mj = ttj(M). Then 
M is isomorphic to a submodulc of ®i<j< p Mj. By (6) gen (®i<j<pMj) < n x p. 
Since each finitely generated ideal is principal, we conclude that gen M < n x p by 
[201 Lemma 1.3]. 

(3) =>■ (8). Let E be an indecomposable injective module. We assume that E 
contains a pure uniserial submodule U. If J = E$, then £ = i?j <25# L7 by [SJ 
corollary 11.(4)]. If R is not a domain, then i?j is polyserial by Theorem 12.21 If R 
is a domain, we may assume that J / 0. Let £ be a pure reduced torsion- free R- 
submodule of finite rank of Rj such that Rj/F is divisible. Then (Rj / F)®rU = 0, 
E = F ®rV and we know that £ is polyserial. So, in the two cases, from a pure 
composition series of Rj or £ with uniserial factors, we deduce a pure composition 
series of E with uniserial factors. Hence E is polyserial. 

The second assertion is also proven. □ 

Lemma 2.4. Let R be a chain ring and let E be an indecomposable injective module 
such that Z C £j. Assume that E contains a pure uniserial submodule. Then each 
indecomposable injective module G for which Z C Gj contains a pure uniserial 
submodule. 

Proof. After replacing R by Re s we may assume that £j = P. First we shall 
prove that E(R/Z) contains a pure uniserial submodule. If Q is coherent, it is 
a consequence of [2j Corollary 22]. We assume that Q is not coherent. So, Z 
is flat by [2, Theorem 10]. By [H Theorem 3] E z is injective, E z ^ 0, and it 
contains a pure uniserial submodule U and an injective hull of U. Let A £ A(E), 
A C Z. Since A' = E t = P, there exists s e P\Z such that A C (A : s). Let 
te(4: s)\A. Then Zc(A: t). So, (A : t) z = Q- It follows that A z = tQ. Hence 
£(J7) = E(Q/tQ). From Proposition 14], we deduce that E(R/Z) contains a 
pure uniserial submodule V. Let x G E(R/Z) such that Z = (0 : x). If G is an 
indecomposable injective module such that Z C Gjj, ^4(G) contains a faithful ideal 
£?. By [21 Proposition 6] V^/Ba; is a pure uniserial submodule of G. □ 
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Let us observe that the condition (8) of Theorem 12 .31 implies that each indecom- 
posable injective module contains a pure uniserial submodule. 

Proposition 2.5. Let R be a chain ring and let E be an indecomposable injective 
module such that P = Ef. Assume that E is polyserial. Then: 

(1) each indecomposable injective module G for which Z C Gj is polyserial; 

(2) for each prime ideal L C Z, E(R/L) and E{Rl / aRi) are polyserial, where 
a G L with =/= aR^. 

Proof. ( 1 ) holds by Lemma 12.41 and Theorem 12.31 

(2) holds by [2j Corollary 22] and Theorem [231 □ 

Remark 2.6. If R is a chain ring which is not a domain, satisfying Mr/ji? < oo, 
then Mx R R = Mr^R even if R C R. 



3. Fleischer rank and dual Goldie dimension of indecomposable 

injective modules 

Remark 3.1. If M is a torsion-free module of finite rank over a valuation domain, 
it is easy to check that its Malcev rank is equal to its rank. So, if M is a module 
over a chain ring R, then Fr M can be defined to be the minimum Malcev rank of 
flat modules having M as an epimorphic image. Obviously Mr M < Fr M for each 
module M . 

Proposition 3.2. Let R be a chain ring and let E be an indecomposable injective 
module such that E$ C Z. Then E is flat if A(E) ^ {qQ | ^ q G Z}. 

Proof. If A(E) = {rZ | r G R} then E is flat by [2;, Proposition 8]. So, we may 
assume that A is not of the form rZ if A G A(E). By [2J Lemma 26] A^ = E $ 
for each A G A(E), so A is an ideal of Q. It is easy to check that (0 : I) is also 
an ideal of Q for each ideal / of R. In the sequel we apply [TH Proposition 1.3] 
to Q: (0 : (0 : A)) ^ A if and only if A = qZ and (0 : (0 : A)) = qQ for some 
q G Z. Let r G R and x G E such that rx — 0. Then r G A where A = (0 : x). 
Since rQ C A, then (0 : A) C (0 : r). Let a G (0 : r) \ (0 : A). It follows that 
(0 : a) C (0 : (0 : A)) = A. The injectivity of E implies that there exists y G E 
such that x — ay. So, E is flat. □ 

Proposition 3.3. Let R be a chain ring. Assume that dn(L) < oo and Rl is 
almost maximal for a prime ideal L, and that E{R/Z) contains a pure uniserial 
submodule U . Then Mr E — Fr E for each indecomposable injective module E. 

Proof. Let E be an indecomposable injective module and J = E$. Since Mr E < 
Fr E it is enough to show that E is an epimorphic image of a flat module G 
with Mr E — Mr G. First we assume that J C Z. If Q is coherent then E 
is flat. If Q is not coherent and if E ^ E(Q/qQ), where ^ q G Z, then E 
is flat by Proposition 13.21 If E = E(Q/qQ), then by [21 Proposition 14] there 
exits an epimorphism E(Q/Z) — > E whose kernel is a simple Q-module. It is easy 
to check that Mr E = Mr E(Q/Z), and E{Q/Z) is flat. Now, we assume that 
Z C J. In this case, E = Rj <S)r (U/Ax) where A is a faithful annihilator ideal 
of E and x G U with Z = (0 : x). Moreover, U is flat because so is E(R/Z). 
Hence E is an epimorphic image of Rj ®rU which is flat. If R is not a domain 
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then Mr E = Mr Rj = Mr Rj ® R U. If R is a domain, by Theorem E31 Rj 
contains a pure submodule F of rank equal to Mr^ Rj such that Rj /F is a divisible 
module. In this case we can take U — Q and x = 1. Since Q/A is a torsion 
module we have E = F <23# Q/A. So, E 1 is a homomorphic image of F <g># Q and 
Mr £ = Mrg = Mr F <8>r Q. □ 

We say that a submodule if of a module M is superfluous if the equality 
K + G = M holds only when G = M . A module M is co-uniform if each of its 
proper submodules is superfluous. We say that M has dual Goldie dimension 

n (or dG M = n) if there exists an epimorphism <fi from M into a direct sum of n 
co-uniform modules such that ker cj> is superfluous. 

Proposition 3.4. Let R be a chain ring. Then dG M < Mr M for each R-module 
M. 

Proof. Let n & positive integer such that n < dG M. Then there exists an epimor- 
phism : M — > ©™ =1 Mj where Mj is a non-zero i?- module for i — 1, . . . , n. For 
each i, 1 < i < n, let Xj be a non-zero element of Mi and let yi G M such that 
:Ej = <t>{yi). If S™ =1 aij/i = where € i? for i = 1, . . . , n, we successively deduce 
that T," =1 aiXi = 0, a^Xi = and a, 6 P for i = 1, . . . , n. It follows that Mr M > n 
for each integer n < dG M. So, dG M < Mr M. □ 

Proposition 3.5. Let R be a chain ring. Suppose there exists a non-zero prime 
ideal L such that Z C L, dn(L) < oo and Rl is almost maximal. Then each 
indecomposable injective module E is polyserial and Mr E — dG E. 

Proof. Let H be the injective hull of R/Z. Then, since H is an i?z-niodule and Rz 
is almost maximal, H is uniserial. Let E be an indecomposable injective module 
and let J = E$ . If J C Z then E is uniserial. If Z C J we do as in the proof of 
Lemma l2^4l to show that E contains a pure uniserial submodule U. By Theorem l2.3l 
E is a polyserial module. If V is a uniserial factor of a pure composition series of 
Rj, then by Theorem 12.21 V = Rl> for some prime ideal V D L. II follows that 
E L = Ul where d = d Rj (Lj) = Mr E. Since Z C L, El is a homomorphic image 
of So, dG J5 > d. By Proposition [3U dG E = d. □ 

We say that a chain ring is strongly discrete if L 2 ^ L for each non-zero prime 
ideal L. 

Proposition 3.6. Let R be a chain ring such that Q is strongly discrete. Then 
each indecomposable injective module contains a pure uniserial submodule. For a 
such ring the nine conditions of Theorem \2.3\ are equivalent. 

Proof. Let E be an indecomposable injective module and let J — E$. First assume 
that J C Z. Since J 2 ^ J, JRj — aRj where a g J\J 2 . Recall that E is a module 
over Rj. If A G A(E) then A" = J by Lemma 26]. Since JRj is principal over 
Rj, so is A. Because Z = sQ for some s G Z \ Z 2 , (0 : Z) = (0 : s) ^ 0. From 
[2j Corollary 22] we deduce that £7 contains a pure uniserial submodule (which is 
isomorphic to Rj). If Z C J we again use [5J Corollary 22] to conclude. □ 

Corollary 3.7. Let R be a valuation domain. Then the nine conditions of The- 
orem \2.3\ are equivalent. Moreover, for each indecomposable injective module E, 
Mr E = Fr E = dG E = Mr^ Rj where J = E t . 
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Example 3.8. It is possible to build examples of chain rings satisfying the nine 
equivalent conditions of Theorem \2.3\ by using Example 6 and Theorem 8] . 
These examples are strongly discrete (and Henselian). If R is a such example 
then Mr^ R = p m , where p is a prime number and m a non-negative integer. By 
[TBI Remark p. 16] Mr^ R is always a prime power. 



4. Indecomposable injective modules over one Krull-dimensional 

local noetherian rings 

From a result by Marie-Paule Malliavin we deduce Theorem 14.11 If M is a 
module of finite length, we denote by £(M) its length. 

Theorem 4.1. Let R be a one Krull-dimensional local Noetherian ring. There 
exists a positive integer n such that Mr E < n for each indecomposable injective 
R-module E. 

Proof. By [H Theoreme 1.4.2] Mr R is finite. We put m = Mr R. Let E be 
an indecomposable injective module. Then there exists a prime ideal L such that 
E = E(R/L). First we assume that L is a minimal prime. It follows that E is 
a module of finite length over Rl by [T3J Theorem 3.11(2)] since Rl is Artinian. 
In this case E has a composition series whose factors are isomorphic to Rl/LRl- 
It is easy to see that Mr Rl/LRl = Mr R/L < m. Now, by induction on the 
length of E over Rl and by using [TQl Lemma XII. 1.4] we get that Mr E < oo. 
Now we assume that L = P the maximal ideal of R. Let M be a finitely generated 
submodule of E and A = (0 : M) . Since E is Artinian then M is a module of finite 
length and R/A is Artinian. By [TJ Proposition 1.2] M is injective over R/A and 
R/A = Endii(M). Let B be the ideal of R such that B/A is the socle of R/A. If 
p — l(B/A) then p = gen B < m. So, there is an exact sequence — > R/A — > M v 
and by applying the functor Hom^yi(- ,M) to this sequence, we get that M is a 
homomorphic image of (R/A) p . So, Mr E < m. Since the set of prime ideals of R 
is finite the theorem is proven. □ 

Example 4.2. Let R be a local ring of maximal ideal P such that P 2 — 0. If 
gen P = n where n > it is easy to check that Mr E(R/ P) < n. 

In the sequel, for each integer n > 1 we shall give an example of a one Krull- 
dimensional local Noetherian domain D whose all finitely generated uniform mo- 
dules are generated by at most n elements. 

Example 4.3. Consider the Noetherian domain R defined in in the following way. 
Let K be a field, K[X,Y] the polynomial ring in two variables X and Y, and f — 
Y n — X n (l + X). By considering that f is a polynomial in one variable Y with 
coefficients in K[X], it follows from Eisenstein's criterion that f is irreducible. 

the natural map and P' the maximal ideal of D generated by {x,y}. Let R = Dpi 
and P = P'R. 

Then Mr R = n and Mr E = n for each indecomposable injective R-module E. 
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Proof. There are only two types of indecomposable injective modules: E(R/ P) and 
Q the quotient field of D and R. Let M be a finitely generated submodule of Q. 
Then M is isomorphic to an ideal of R. As a module over over K [X] D is generated 
by n elements l,y,y 2 , . . . ,y n ~ 1 . Since K[X] is a principal ideal domain, by [20l 
Lemma 1.3] each K[X] -submodule of D is generated by at most n elements. It 
follows that each ideal of D and each ideal of R is generated by at most n elements. 
Let us observe that gen P m — n for each m > n — 1. So, Mr R — Mr Q — n. As in 
the proof of Theorem 14. II we show that Mr E(R/P) < n, and since gen P ,l_1 = n 
we have gen Homp(R/P n , E(R/P)) = n. The proof is now complete. □ 



5. GOLDIE DIMENSION AND LOCALIZATION 

At the beginning of this section R is not necessarily a chain ring. 

Proposition 5.1. Let R be a ring satisfying one of the following two conditions: 

(1) Rp is a one Krull- dimensional domain for each maximal ideal P ; 

(2) Rp is Noetherian for each maximal ideal P. 

Then, S M has finite Goldie dimension for each R-module M of finite Goldie 
dimension and for each multiplicative subset S of R. 

Proof. If Gd M < oo then M is a submodule of a finite direct sum of indecom- 
posable injective modules (2?,-)i<i< n . It follows that Gd S - X M < oo if and only 
if Gd S~ 1 Ei < oo for i = 1, . . . , n. So, we may assume that M is injective and 
indecomposable. On the other hand, since End^(M) is a local ring, there exists a 
maximal ideal P such that M is a module over Rp. So, we may assume that R is 
local of maximal ideal P. 

If R satisfies (1) then S = R\ {0}. Either M is torsion-free and S^M = M, or 
M is torsion and S^M = 0. 

If R satisfies (2), we may assume that M = E(R/P) and S CI P =/= 0. Let be 
the natural map M S~ 1 M. Since M is artinian by p~4] Corollary 3.4] then so 
is the image of 4>. It follows that S^M is an essential extension of a semisimple 
module X. But, for each s £ S n P, sX = 0. We conclude that S^M = 0. □ 

Proposition 5.2. Let R be a zero Krull- dimensional ring. Then dG S^M < oo 
for each module M with dG M < oo and for each multiplicative subset S of R. 

Proof. Since the natural maps R — > 5 f_1 i? and M — > S~ 1 M are surjective then 
dG S^M < dG M. □ 

Example 5.3. Let R be a local two Krull- dimensional UFD, p a prime element of 
R and S = {p n | n <E N}. Then dG R = 1 and dG S^R = oo. 

Proof. The first equality is obvious. Let $ be the set of prime elements of R. If P 
is the maximal ideal of R then P — U q ^Rq. So, $ is not finite, else, by a classical 
lemma P = Rq for some q E $ that is impossible. Let n be a positive integer, 
let gi , . . . , q n be n distinct elements of $ \ {p} and let a = q\ X • • • X q n . By the 
Chinese remainder theorem S~ 1 R/aS~ 1 R = S~ 1 R/qiS~ 1 R x • • • x S~ 1 R/q n S~ 1 R. 
So, dG S^R > n for each n > 0. □ 

Theorem 5.4. Let R be a chain ring. The following conditions are equivalent: 
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(1) For each module M of finite Goldie dimension and for each prime ideal L, 
Ml has finite Goldie dimension; 

(2) for each prime ideal L ^ 0, dj^(L) is finite. 

Proof. (1) =>■ (2). By way of contradiction suppose there exists a non-zero ideal L 
such that dji(L) = oo. Then, for each positive integer n, R/ LR contains a torsion- 
free R/L- module F of rank n. Let A be an ideal such that A$ — P and A C L. By 
[51 Proposition 1.(2)] R/AR is isomorphic to a submodule of the injective hull E 
of R/A. Since Fl is a (i?/L)i- vector space of dimension n contained in (R/LR)l, 
we deduce from Proposition 21], applied to (R/AR)l that El contains a free 
(R/A) i,-module of rank n. So, Gd £i > n for each integer n. 

(2) => (1). It is sufficient to show that Gd El < oo for each indecomposable 
injective module E and each non-zero prime ideal L. Let J — E$. If J C L, then 
£7 is a module over whence -El = E. If L C J, since dfij(Lj) < da(L), after 
replacing J?j by R, we may assume that J = P. If L = (in the case where R 
is a domain) then El = 0. By [2j Corollary 28] E is either faithful or annihilated 
by a simple ideal. So, if L ^ 0, there exists A £ -4(E) such that A C I. We 
put £" = (0 :e A). First we show that E' L is essential in El- Let x £ E such 

that ^ £ E' L . Then x £ E' . So, (0 : at) = rA where r e P. It follows that 

(0 : rsc) = A. We conclude that ry £ E' L and ry ^ 0. Let d = d R (L). Then 

{R)l/L{R) l = {R/L)t- Since P/A is the set of zero-divisors of R/A then (i?/A) L 
is self FP-injective by j2j Theorem 11(2)]. From [5j Proposition 1] it is easy to 
deduce that R/A is singly projective over R/A. By [SJ Proposition 6] so that is 
(R/A)l over (R/A)l- By [BJ Propositions 24 and 21] E L (which is isomorphic to 
(R/A)l) contains an essential free (i?/A)L-submodule of rank d. We conclude that 
Gd E L = d < oo. □ 

Corollary 5.5. Let R be a chain ring and let J be the intersection of all non- 
zero prime ideals. Then J is prime (= N if R is not a domain) and the following 
assertions hold: 

(1) if J ^ then Goldie dimension finiteness is preserved by localization if and 
only if dft(J) is finite; 

(2) if J = and if is a non countable intersection of non-zero prime ideals 
then Goldie dimension finiteness is preserved by localization if and only if 
there exists a non-zero prime ideal L such that dn(L) is finite and Rl is 
almost maximal. 

Proof. (1) is an immediate consequence of Theorem 15.41 

(2). First we will show that there exists a positive integer p such that dn(L) < p 
for each non-zero prime ideal L. By way of contradiction suppose there exists a non- 
zero prime ideal L n such that dn(Ln) > n, for each integer n > 0. Let H = C\ n >oL n . 
Then H is a non-zero prime ideal and dn{H) > n for each integer n > 0. We get 
a contradiction by Theorem 15.41 Let p be the maximum of dii(I) where / runs 
over all non-zero prime ideals of R and let L be the maximal prime ideal for which 
dft(L) = p. If L 1 is a non-zero prime ideal, L' C L, then Mr R/L' = p. By 
Theorem 12 .21 R r. IV is maximal. We conclude that Rl is almost maximal. □ 

Let us observe that the following conditions: 
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(1) each indecomposable injective i?-modulc is polyscrial; 

(2) the Goldie dimension finiteness is preserved by localization; 

are equivalent if R is a valuation domain such that is a non countable intersection 
of non-zero prime ideals. But, generally these two conditions are not equivalent. 
For instance, if J ^ 0, ei /?(</) < oo and Rj not almost maximal, where J is the 
intersection of all non-zero prime ideals, then R satisfies condition (2) but not 
condition (1). Another example of a chain ring satisfying condition (2) but not 
condition (1) is the following: 

Example 5.6. Let R be a strongly valuation domain whose set of non-zero prime 
ideals is {L n \ n £ N} with Lq = P and L n +\ c L n for each n G N. Moreover 
we assume that cji{L n ) = p for each ^ n £ N, where p is a prime integer. A 
such ring R exists by [5J Theorem 8]. For each integer n > 0, d^(L n ) — p n . So, 
condition (2) is satisfied by Theorem \ 5.4\ But condition (1) doesn't hold because 
there is no non-zero prime ideal L with Rr, almost maximal. 
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